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Abstract 

In this paper, we study some properties of Sheffer sequences for the 
powers of Sheffer pairs under umbral composition. Prom our properties 
we derive new and interesting identities of Sheffer sequences of special 
polynomials for the powers of Sheffer pairs under umbral composition. 



1 Introduction and Preliminaries 

For a G R, the Bernoulli polynomials of order a are denned by the generating 
function to be 

e xt = Y. B n\*)-y (see [1,3,5]). (1) 

n=0 

In the special are called the n-th Bernoulli numbers 

of order a. 

The Stirling number of the first kind is defined by 

n 

(x) n = Y,Si(n,k)x\ (2) 

k=0 

where (x) n = x(x — 1) • • • (x — n + 1). 
From (T5J), we note that 

n 

X W = x (x + l)--'(x + n-l) = (-l) n (-x) n = k)\x k . (3) 

k=0 
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Let J 7 be the set of all formal power series in the variable t over C with 

F=\f(t) = jr^t k \a k ec\. (4) 
I fc=0 ' J 

Suppose that P is the algebra of polynomials in the variable x over C and P* 
is the vector space of all linear functionals on P. The action of the linear func- 
tional L on a polynomial p(x) is denoted by (L\p(x)). For f(t) = J^fclo 1^ e 
J 7 , let us define a linear functional on P by setting 

(f(t)\x n )=a n , (n>0), (see [2,4]). (5) 

By (j4]) and (jHJ), we easily get 

(t k \x n ) = n\S n , k (n,k> 0), (see [2,4]), (6) 

where 5 n) k is the Kronecker's symbol. 

For f L (t) = £r=o {J ^t\ we have (f L (t)\f) = (L\x n ). 

Thus, we note that the map L i — > fi{t) is a vector space isomorphism from 
P* onto J 7 . Henceforth, J 7 is thought of as both a formal power series and a 
linear functional. We call J 7 the umbral algebra. The umbral calculus is the 
study of umbral algebra (see [4]). 

The order 0(f(t)) of the nonzero power series f(t) is the smallest integer k for 
which the coefficient of t k does not vanish (see [2,4]). 

If 0(f(t)) = 0, then f(t) is called an invertible series. If 0(f(t)) = 1, then 
fit) is called a delta series. For 0(f(t)) = 1 and 0(g(t)) = 0, there exists a 
unique sequence s n (x) of polynomials such that (g(t)f(t) k \s n (x)) = n\5 n ^ for 
n, k > 0. 

The sequence s n (x) is called the Sheffer sequence for (g(t),f(t)) which is de- 
noted by s n (x) ~ (g(t),f(t)). 
Let f(t) € J 7 and p(x) G P. Then we see that 

/w = £OMl£V f(x) = f : W^ j (see|4]) . (7) 

fc=0 ' fc=0 

By ([7j), we easily see that 

t*p( x )=p(*)( x ) = ^^ j (see [2,4]). (8) 
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Let s n (x) ~ (g(t), f(t)). Then the generating function of Sheffer sequence 
s n (x) is given by 

1 s - / 



-e 



*/(*) 



E^Ii' ^ [2,4]), (9) 



where /(t) is the compositional inverse of f(t). 
For ~ (l,/(t)), q n (x) ~ (1, we note that 

9n(z) = ^ (fjf ) ( see t 2 ' 4 ])- ( 10 ) 

The pair (g(t),f(t)) will be called a Sheffer pair where 0(g(t)) = and 
0(f(t)) = 1 (see [2, 4]). Let m be nonnegative integer. The m-th power 
of an invertible series is denoted by (g(t)) m , while the compositional power 
of a delta series f(t) is denoted by f m (t) = f o f o ■ ■ ■ o f(t). Let p n (x) and 

m— times 

Qn( x ) — Yl^oln,^ be sequences of polynomials. Then the umbral composi- 
tion of q n (x) with p n (x) is defined by 

n 

(q n op) (x) = ^2q n ,kPk(x), (see [2,4]). (11) 

fc=0 

Suppose that s n (x) ~ (g(t),f(t)) and r n (x) ~ (h(t),l(t)) 
Then we note that 

(r»oa)(i) = r n (a(i)) ~ (g(t)h(f(t)),l(f(t))). (12) 

The identity under umbral composition is the sequence x n and the inverse of 
sequence s n (x) is the Sheffer sequence for (<7(/(t)) _1 , f(t)) (see [2, 4]). 
By ffT2l) . we easily see that the m-th power under umbral composition of 
s n (x) ~ (flf(t), /(t)) is given by 

tm-l \ 
n^(/'(*))'/ m (*)J . where m G N. (13) 

For n > 0, let us assume that 

n oo 

Sn{x) = 22 Sn > kxk = V* 3 ^ ( 14 ) 

fc=0 fc=0 
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where we agree that s i: j = if i < j. 
If we define Sn(x) by 



4 m ^) = £^ = £4 m M (is) 

k=0 k=0 

then, by CP , flU} and (USD, we easily get 

n 

S S = Yl Vl S il,i2"'^-2,!m-l S !m-l,fc> ( See [ 2 ] ) ■ ( 16 ) 

ill"' |im-l=0 

From (jHJ) and ffT3|) . we can derive the generating function of s^ix) as follows: 

£ ^ = ^" ( » (IT) 



fc! 

fc=0 



'm—l 



-1 



i=0 



In this paper, we study some properties of Sheffer sequences for the powers of 
Sheffer pairs under umbral composition. From our properties, we derive new 
and interesting identities of Sheffer sequences of special polynomials for the 
powers of Sheffer pairs under umbral composition. 



2 Some identities of special polynomials. 

Let us take the sequence s n (x) of special polynomial as follows: 

n 

s n (x) = = l^i (™, k)\x k ~ (1, f{t) = 1 - e-*). (18) 

k=0 

For m G N, let us assume that the m-th power under umbral composition of 
s n (x) is given by 

k=0 
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By (USD, JED and we get 

n 

E Ift(n,ii)l|5 , i(ii,i 2 )|---|5'i(i m -i,*)l (20) 

ill'" ,'m-l=0 

n 

= Yl \Si(n,l 1 )S 1 (h,l 2 )---S 1 (l m ^,k)\. 

lit'" ,'m-l=0 

It is known that 

x n ~ (l,t), s„(z) = iW ~ = 1 - e-*). (21) 

By ([in]) and ([21]), we get 

s n (z) = a; (-^^ x~ x x n = x ( ^] x n ~ l . (22) 

From ([22]), we note that 



/(*)/ \f(t) 



Ktr.r-^sjr) = far ( _J x- 1 = (—) rv- 1 (23) 



, \n-m 00 /_i\!n(n-m) 



1 - e~* 

1— m , 



n-l-m ( _. w R (n-m) 

^ x / -°/ /„ i\ ^n-l-J-m 



Z=0 



where n > 1, < m < n — 1. 
For n > 1, by (02), we get 



/(*)Y™-i„^ /(*) 



aT^s) (24) 



^^_(_l)fa /(t )fa a .-x an(a . ) _ 



' ' A; 2 ! 
fc 2 =o 
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From ([22]) and (|24[) . we can derive the following equation f[2"5"j) : 

re-1 ri (n) re-l-fc 2 /_-. \fo Tj(n~k 2 ) 

^ 2) W = -ETV(- 1 ) fc2 E 1 J fc 7 (n-l) fcl+fc2 ^-^^ (25) 

fc 2 =0 2 ' fci=0 1- 



_V V — !)!( — 1) „( w )„(n-fa) n-fci-fca 

fco=0 fci=0 



- e ( ^fe!, ) ( - i)fa+fa <" >B ^ v+1 

fc 1 +fc 2+ / =n _l \ / 

=t{ e (*,r* 1 -i) ( - i)fc4 * B £ )fl ^}*'- 

fe=l U!+fc 2 =n-fc v 7 J 

From s ( n\x) ~ (l,f 3 (t)) and s( 2 >(z) ~ (l,/ 2 (*)), we get 

si3)(x) = x (T^y)"^" 1 ^^ = x ( i^w )" g " lag)(g) (26) 

n-l R (n) / , , s x n-fc 3 

= -E^(-i)"(^) (/(«»*■ *-«.(*) 

fc 3 =0 3 - v / 

From gHD, (J23D and ([26]), we have 

re— 1 n-l— fc 3 R( n ) R( n— fc 3) 

4 3) (*) = - E E (-i) fc2+fc3 Vifc' (27) 

fc 3 =0 fc 2 =0 3 ' 2 ' 

n- l—fcg — fc 2 /•_■• o(re-fc2-fe3) 

x £ (n-l)^^^ 1 "* 1 -*"-*- 

fci=0 l ' 

E/_i\fei+te+fe 3 / n — 1 ] dW n(n-fe) n(n-*3-te) J+l 
1 ; V h,k 2 ,k 3 ,l J ka k2 kl 

fci+fe 2 +fc 3 +Z=n-l v 7 

fci+fc 2 +fc 3 / n-l 



= E E 

fc=l ^ fei+fe 2 +fc 3 =n— fc 



h, k 2 , k 3 ,k-l 
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Continuing this process, we get 



E (- 1 )" + " + '"'(, 1 ,..",L^-i) B 

fc= i y kl+ ... +km=n - k \ j- 5 / 



x g{n-km) _ _ _ j^{n-k m fc 2 ) I fc 

fern— 1 ^1 



Therefore, by (fT9j) . (120]) and (|28|) . we obtain the following theorem. 
Theorem 1. For m^n > 1, we /iai>e 



2j |^i(n,Zi)S , i(Zi,Z 2 ) ■ ••<Si(V-i,fc)| 

il,"" ^m-l=0 

n — 1 
fcij " ■ ■ ? A; — 1 



^ ^ ^_-Q&lH hfcrj 



feiH Yk m =n— k 



X ^( n )_g'- n_fcm '' ■ ■ • ^( n_fem_fcm - 1 fc2 ) 

A-m k m — 1 /ci 



Let us consider the following Sheffer sequence: 

i f(+\ - , 

t-l ' 



.s„(x; = L n (x) = ^L(n,A;)(-x) fc ~ ( l,/(t) = J^J) 

k=0 ^ 



where L(n, k) are the Lah numbers with 



L(n, k) = ( ™ _ M y , for 1 < k < n, 

L(n, k) = 0, for k > n > 1, 
L(n, 0) = 0, forn>l, 
L n (0,0) = l. 



For n > 1, < m < n — 1, we have 



t \ " f t ^ " ~<" 



f{tTx- l s n {x) = f(t) m ( -^yj x- 1 = ) r/- J 



(t-l) n - m t m x n "' 

n— m— 1 



-771-1 / _ \ 

^ n ; m (-1)— <(n-l)„A r ' 

-m-l / _ \ 

E ( Z JC-ir-^n-lUn-l-m)^- 

-m-l / _ \ 

^ r ^ (-lr-^^-i)^"- 1 -^. 

;— n V / 



For n > 1, from s„ (x) ~ (l,/ 2 (i)) and s n (x) ~ (l,/(*) = we get 



n-1 
fc 2 =0 



E ( T ) (-ir fe2 /w fc2 ^n(*). 



From (13TI) and (|32i) . we can derive the following equation: 

n-l / \ n. -l- fc 2 / \ 

4 2) (-) = xE ( r E ( n l ) (-ir fc2 - fcl 

k 2 =0 v 2 ' fci=0 v 1 ' 

x (n - l)^^^"- 1 -^-^ 

n— 1 n— 1— fe 2 I 

EV f -nn-fc 2 +(n-Ai-fc 2 ) n - 
^ 1 j (n-Jfei-Afe)! 

fc 2 =0 fcj=0 v 1 A ' 



fci, k 2 ,n - 1 - kx - k 2 

E( -,\n-k 2 +l+l w! / 1 "\ /+1 

1 J (Z + l)! 1 fc l ? fc 2,/ J 

k=l \k\+k2=n—k 



From sl 3) (x) ~ (l,/ 3 (*)) and si?(x) ~ (l,/ 2 (t)), we get 

= x {9§) n x ~ ls ^ ){x) = x (7^) x ~ 1s " )(x) m 

= x (m - i) n x-^\x) = x e ( l ) (-ir fe3 (f(t)) k3 x-^s\x) 

k 3 =0 v 3 ' 

n-l / \ n -l— fc 3 / x 

^Eu n (-ir fc3 E n ~ k )(- l ) n ' k2 ' hi u{t)) k2+hA x' i s n {x) 

fc 3 =o V 3 / k 2 =o ^ 2 ' 



From (T5TT) and flMl) . we have 



,(3)^1 _ V" f -|\(n-fc 3 )+(n-fc 2 -A 3 )+G+l) ra! ( 

^ ' (l + i)\\h,k 2l k 3 ,l 



S" n '[X)= > (-IT ~ — I , , , r \x 



ki+k2+k3+l=n—l 



l+l 



I E (^_i^(n~k z )+(n~k 2 ~k 3 )+k ™ / /' ~ 1 



(35) 

/c! V fci, fc 2 , k 3 ,k- 1 



x k . 



Continuing this process, we get 

4^) = e( E (- 1 ) 



ft! 



fc=l I, \-k m =n—k 



(n-fc m )H h(n— fcm— fcm-l k 2 )+k 

k\ 



X ( h,k 2 ,--- ,k m ,k- 1 ) | X ^ 

n 

= where m > 1. 

k=l 

By flU, (HI, (HI]), ([29D and ([36]), we easily get 

n 

E S n,h s h,h ■ ■■ s l m -uk (37) 



(m) _ 

il,"" i'm-l=0 

n 

= E (-l)' 1+/2+ - +/m - 1+fc L(ft, / 1 )L(/ 1 , / 2 ) ■ • ■ L(Z m _i, fc). 

il,"' ^m-l=0 

Therefore, by (1361) and (1371) . we obtain the following theorem. 



Theorem 2. For m,n > 1, 1 < k < n, we have 



n\ f n — 1 

fc! \ k 1 ,k 2 ,--- ,k m ,k-l 



~y ^ ^_-Q(n— fc m )+(n— fen— fe m _i)H h(n-fc,„ k 2 )+k f 



Let us take Abel sequence as follows: 

s n (x) = A n (x : a) = x{x - an)™" 1 = E ( fc 1 1 ) (-an) n - fc x fc (38) 

k=i ^ ' 
~ = te at ) , where a ^ 0. 

Thus by (|38|) . we get 

*n,* = ( 1 1 J ) ("H™"* , («, * > 0) (39) 
From (TTBT) and (1591 . we note that 



s n.k 



^ S n,h S h,h ' ' ■ Sl m -2,lm-l S lm-l,k (40) 



ill'" |im— 1=0 
n 



n-iw/i-n / z m _ 2 -iw / m -i - 1 

?1 - 1 J \ k-l J \ lm-1 - 1 A * - 1 



il!— )Jm— 1=0 

w / _\n— n— iilJl— ia jZm-2 — lm-1 jlm-1— k 

From s„(x) = A n (x : a) ~ (1, f(t) = te at ) and x n ~ we note that 

f (trx-h n (x) = f(tr(j^j x»-i = (jl) w 1 (4i) 



t \ /'—in 



^m^n— 1 —a(n—m)tj/rn n- 



te at 

n—X—m I 1 \ 

£ (-a(n-m))' ^Zii^ x n-i-/-,,i 
z=o 
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For n > 1, from Sn (x) ~ (1, f 2 (t)) and s n (x) ~ (1, /(t) = te at ), we get 

S n' ) ( a ') = X ( f2(j^ J X S n( x ) = x ( j(j^ e af(t) J X S n( x ) (42) 

= xe-^x^s^x) = xJ2 (f(t)) k2 x^s n {x). 

k 2 =0 2 ' 

From (|4Ti) and (|42i) . we can derive the following equation (|43|) : 

n— 1 n— 1— &2 



It— ± U — L — K2 / -. \ 

E E ( fc[ ,* J ,„!lTifc,-* J ) (-n)" (-«(«- fe))"*-*-' 

(43) 

e ( t "; 2 ! ; ) ( - an)fe( - a( "- fc2)) ^' +1 

El E ( J^V-H^-^-M) 4 ')*' 

fc=l \ < k 1 +k 2 =n-k v 7 I 



From sJT(a:) ~ (l,/ 3 (t)) and 4f ; (cc) ~ (l,/ 2 (t)), we get 



fc 3 =o 



^4 (-an) fe 3 //(*) V _ 



E ^^e- a (- fc 3)/W (/(*))* x -i Sn{x) 
fc 3 =o 6 

fc 3 =0 3 ' fc 2 =0 2 ' 
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From (j4"Tl) and fT4"4"l) . we can derive the following equation (TJ2]): 

s£\x) = Yl ( kTt i) { - an)hA { ~ a{n - h))k2 ( ~ a(n - h - h 

U, _l_t.„_l_Z , V X ' 2 ' 3 ' / 



fci+fc2+A:3+^=n— 1 



(45) 

I u. — i_i „_t V x ' z ' J ' / 



fe=l I. fci+fc2+A:3=n— k 



x (-a{n-k 2 - k 3 )p Y 
Continuing this process, we get 

s ( n n) (x) = J2\ Yl ( h, k 2 ,--- ,k m ,k — l 

Y[(-a(n-k m k i+1 )) ki j \x k - (46) 

Therefore, by (flUj) and (1461) . we obtain the following theorem. 
Theorem 3. For n,m> 1, 1 < k < n, we have 

Efn-l\fh-l\ ( / m _ 2 - 1 \ ( lm-1 ~ 1 

hr . u _ x=Q \h-l) J--\l m -l-l J { k-1 

x {-ah) h - h ■ ■ ■ (-al m ^y- 2 - l ^(-al m ^) l ^- k 



-an 



= * +t + ? , ( •"• .*L * - 1 ) (n <" -*»-■■ 

K1+K2H hfc m =n-fc N 7 \l=l 

Remark. Let us consider the Mittag-Leffler sequences as follows: 

s n (x) = M n (x) =jr( n ) ^^r(x) r (47) 



r=0 
n I n 



(r- 1)! 
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By the same method, we get, for m, n > 1, 1 < k < n, 



h 




Here, for a G R, the Euler polynomials of order a are defined by the generating 
function to be 



In the special case, x = 0, E n a> (0) = E n a ' are called the n-th Euler numbers 
of order a. 
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